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Abstract The Navier–Stokes slip boundary conditions
are considered as conditions following from the mass and
momentum balances within a thin, shell-like moving
boundary layer. A problem of consistency between differ-
ent models, that describes the internal and external friction
in a viscous fluid, is stated within the framework of a
proper form of the layer momentum balance. Appropriate
constitutive equations for friction forces are formulated.
The common features of the Navier, Stokes, Reynolds, and
Maxwell concepts of a boundary slip layer are revalorized
and discussed. Different mobility mechanisms connected
with the transpiration phenomena, important for flows in
micro- and nanochannels, are classified as a part of equa-
tions for the external friction.
keywords Slip velocity  Navier–Stokes layer 
Navier number  Mobility coefficients
1 Introduction
The applicability of the Navier–Stokes slip boundary
conditions to the study of many micro- and nanoscale
devices has been demonstrated in the literature using
continuum models and Molecular Dynamics simulations,
but there have been limited experimental investigations
concerning the effects of the external friction. This is pri-
marily due to the difficulty of obtaining accurate experi-
mental results at small scales. Many experimentalists
attempt to model a fluid at small scales via the study of a
very viscous fluid at macro scale. It corresponds to a fluid
system with a low Reynolds number (in the bulk) and a low
Navier number (near the surface) which is typical for
small-scale fluid flow (Karniadakis et al. 2005; Ho and Tai
1998; Gad-El-Hak 2001).
However, experimental techniques only partially take
into account properties of fluid being in contact with the
wall surface at small scales, and do not take into account
the properties of the solid. Some analytical solutions of the
benchmark problems like: the Poiseuille flow, steady Cou-
ette flow, a pendulum ball in the oscillating motion, steady-
state behavior of a fluid between two parallel walls one of
which is oscillating, etc. (To et al. 2010; Matthews and Hill
2009), are required for obtaining an accurate experimental
results. Having an analytical patterns, one can determine not
only the applicability of the proposed slip models but also
the value of the external friction coefficient, or its dimen-
sionless counterpart—the Navier number. Therefore, in the
literature there are many articles (see You et al. 2007;
Lauga and Stone 2003), where the problem has been stud-
ied, also within the continuum framework, using the
Navier–Stokes equations with the Navier–Stokes boundary
conditions at the fluid-solid interface(s). For instance, the
flow of a fluid near an oscillating wall with slip has been
studied in detail by Matthews and Hill (2009).
From the present literature, it can be concluded that the
approach to nano- or microchannel flows, could be further
based on the same classical Navier–Stokes equations in the
bulk. Its application, however, is limited to the use of pos-
tulate wall-fluid friction models with various parameters that
should be determined either empirically, or by comparisons
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with independent simulations performed with more exact
molecular models. The wall-gas friction models become
even more complex when the intermittent transition from a
constant to the rate dependent Navier number is observed,
and Knudsen regimes of flow are considered (Thompson and
Trojan 1997; Zhu and Granick 2001; Priezjev 2007). In the
present article, we study a consistency of the Navier–Stokes
model of fluid in the bulk domain as well as in the boundary
slip layer. In some contradiction to the presented in the lit-
erature ‘‘second order slip velocity‘‘, as in Karniadakis et al.
(2005), we propose to generalize the Navier–Stokes slip
layer by adding a layer momentum transport. It leads to
determination of slip velocity vs on the base of two-dimen-
sional differential equations instead of algebraic relations.
Thus, for a proper definition of layer momentum vector we
need also a proper definition of surface mass density qs:
Therefore, a layer balance of mass is added to the basic set of
layer governing equations. The article is organized as fol-
lows. In the following section, we describe details of kine-
matics of middle surface of the layer. The balances of the
layer mass and momentum are introduced in Sects. 3 and 4.
Constitutive relations for the quantities of layer are briefly
summarized in Sect. 5. Details of Navier, Stokes, Maxwell,
and Reynolds slip layers are presented in Sect. 6, where
different mobility mechanisms are also being formulated.
The summary and conclusions are given in the last section.
2 Moving shell-like region in a fluid continuum
In our treatment of a problem of generalization of the
Navier–Stokes boundary slip layer (denoted as MþM),
we shall assume that this layer can be treated as some shell-
like thin domain moving in a space with a geometrical,
migration velocity w: This shell-like domain divides the
continuum into a continuum A; that is a fluid under con-
sideration, and a continuum B which can be a free surface,
solid body, or a second fluid. If both A and B are fluids
then the Navier–Stokes boundary layer represents the
moving interfacial region, where physical properties
change in a radical manner. For instance, in a thin transi-
tion layer between liquid and vapor, the change of density
is so steep, that it looks like a jump throughout the layer
thickness. Therefore, we assume that in the layer we
observe so-called ‘‘apparent‘‘ material properties, quite
different than in the bulk of continua A and B: Thus, we
define an excess of layer density qs [kg m
2], the layer
particle velocity vs [ms
1], an excess of layer momentum
density qsvs; and a surface excess of momentum flux ps;
(Badur and Karcz 2010). In general, this shell-like region
moves with the geometrical velocity w which differs from
material velocity vA in A; velocity vB in B and velocity vs
in MþM: In particular case, the velocity w denotes the
rate of change of phase transition surface within the fluid
being at rest (Scriven 1960; dell’Isola and Kosin´ski 1993).
In most technically interesting cases, the component wn
normal to moving middle surface M; differs from normal
components of vA; vB and vs: It practically means that we
have also some mass transport across the layer. Indeed, the
geometrical velocity field is not a priori known and usually
is determined from a special evolution equation (Scriven
1960). If w ¼ vs then the moving layer is material, if w ¼
vsIs þ wnn then the surface is semi-coherent.
Note, that, in difference to Navier and Stokes, who
assumed that the surface layer density is equal to zero, we
want to determine the slip velocity vs from an independent
balance of the layer momentum. In some cases, it simplifies
to the well-known balance of the boundary traction forces.
In the case of immiscible liquids being in contact, the tan-
gential components vsIs can be approximately described to
be 1
2
vA þ vBð ÞIs: Quite similarly, only in a special case there
is qs ¼ 12 qA þ qBð Þh; where h is a finite thickness of the
layer. We are based here on a general surface kinematics
elaborated by Pietraszkiewicz (1977) and Stumpf and Badur
(1993). The general form of the surface balances of mass,
momentum, angular momentum, energy, and entropy, etc.
is given by Zmitrowicz (1987), Slattery et al. (2007), and
dell’Isola and Kosin´ski (1993). Within the Navier–Stokes
layer, we introduce a new concept of an ‘‘excess of
momentum flux’’ which can be described by the surface
symmetrical diade ps: It is responsible for momentum
transport within the layer, therefore, it has tangential and
normal components. If aa; n (a ¼ 1; 2) are the base vectors
on the middle surface of the layerM; then, we postulate the
surface momentum flux in a following form:
ps nð Þ ¼ pabaa  ab þ pnan aa þ panaa  n þ pnnn n;
ð1Þ
where na; a ¼ 1; 2 are local surface curvilinear coordinates
on M: Physical properties of the layer are unknown a pri-
ori since they depend on the resulting apparent properties
in both continua A and B: For instance, elastic recoverable
properties of ps depend on an actual shape of the surface
M; mainly from its stretching and bending. Many authors,
especially those using Molecular Dynamics for modeling
of the layer behavior, postulate that due to strong induced
elasticity of the fluid layer, it changes from the elastic fluid
(only recoverable spherical deformations) into an elastic
fluid with recoverable shape deformations (To et al. 2010).
Similarly, owing to induced strong anisotropy, the internal
viscosity of the fluid layer can be described by four
apparent viscosity coefficients (Goodrich 1981), and the
anisotropic friction by four coefficients of the friction
tensor (Zmitrowicz 1987).
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Having postulated three basic notions qs; vs; ps; let us
now recall a few mathematical relations required for
establishing of balance of the layer mass and momentum.
Let us first introduce the Weatherburn surface fundamental
diades (Stumpf and Badur 1993):
Is ¼ I  n n ¼ gradsxs ¼ aabaa  ab; ð2Þ
IIs ¼ gradsn ¼ babaa  ab; ð3Þ
called the first and second fundamental form of the surface
M: Surface gradient acts also on the coordinate dependent
base aa; n; therefore, the surface gradient of velocity is
calculated to be:
gradsvs ¼ vaaa þ vnnð Þ  rbab
¼ vajb  vnbab
 




and the surface divergence of this vector is:
divsvs ¼ C1;2gradsvs ¼ vajb  vnbab
 
aab
¼ vaja  vnbaa ¼ divs vsk
  vnIb;
ð5Þ
where the invariants of the second fundamental form or the




Þ; IIb ¼ detIIs ¼ det bab
 
: Rate of surface deformation, in
analogy to the three-dimensional case, is defined as a
















n ab þ ab  n ;
ð6Þ
and in analogy to 3D, the first invariant of ds is:
Ids ¼ trds ¼ C1;2ds ¼ vaja  vnIb: ð7Þ
Quite similarly, the surface gradient of the flux of
momentum is:
gradsp ¼ ps  rcac
  ¼ pabjcaa  ab  ac
þ pabbacn  ab  ac þ pabbbcaa  n ac
þ pnajc n  aa  ac þ aa  n acð Þ
þ 2pnabac þ pnnjc
 
n n ac
 pnabec ae  aa  ac þ aa  ae  acð Þ
 pnnbec ae  n ac þ n ae  acð Þ; ð8Þ
and its divergence:
divsps ¼ C2;3gradsps ¼ pabjb  pnbbab  Ibpan
 
aa
þ pabbab þ pnaja  Ibpnn
 
n: ð9Þ
Let us recall the useful identities dt ¼ d=dt; ot ¼ o=ð
ot; on ¼ o=onÞ:
– the Reynolds transport theorem for mass in continuum




































qA w vAð Þ  nþds; ð12Þ
– the Slattery transport theorem for the surface mass










































qs wk  vsk
   nldl; ð15Þ
where wk ¼ wIs and vsk ¼ vIs are tangential velocities.
In quite analogous manner, repeating this reasoning for
the momentum vectors, we obtain:
– the Reynolds transport theorem for momentum in





















qAvA wvAð Þ nþds; ð16Þ
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– the Slattery transport theorem for the surface momen-































qsvs  wk  vsk
   nldl:
ð18Þ
Let us note that the infinitesimal domain, is quite
different for 3D balance and for a layer balance. In the case
of 3D balance, it is sufficient to take the infinitesimal
Euler–Cauchy cube dv = dxdydz. On the other hand, in a
layer we must cut off a part of layer, which, according to
Fried and Gurtin (2005), we shall call a ‘‘pillbox’’ with an
infinitesimal volume dv ¼ hdSþ  dS: According to the
Fried–Gurtin rule of the pillbox balance, we distinguish the
integration over the surfaces Sþ and S from an integration
over da ﬃ dhdl surface with nl hð Þ 	 nl (see Fig. 1)
( dell’Isola and Kosin´ski 1993). Looking for a Green-like
transformation for this curved surface, and bearing in mind























divsps þ onpsnð Þ½ ds: ð19Þ
It means that the normal change of ps deals only with the
outer surface components:
ps ¼ psIs þ psnð Þ  n: ð20Þ
3 Balance of mass in the Navier–Stokes layer
Mass of the Navier–Stokes layer in any case cannot be
taken to be constant. Rate of mass change is noticeable and
cannot be simply omitted. Such phenomena as drainage,
wetting, dewetting, adherence, surface nucleation, catalytic
reactions, lubrication, and frequently appear in the nature
and technology. Therefore, in the mathematical model of a
generalized Navier–Stokes boundary slip layer, we decide
to add an additional governing equation, namely a balance
of the surface mass. Since the layer mass cannot be taken
from ‘‘nothing’’, we assume that sources of mass are the
bulk fluid continuum A and the body B; or the material line



























where _mA and _mB are mass influxes [kg s
1m2] that come
from the continua A and B via the surface Sþ and S,
respectively, and _ml is mass outflux [kg s
1m1]. There are
some restrictions in balances, if we separate the system

























_mldl ¼ 0 on M[L: ð24Þ
Thus, balancing only the mass crossing surfaces Sþ and









_msds ¼ 0: ð25Þ
Omitting small differences between Sþ; S and S we can
simply write:
_mA þ _mB þ _ms ¼ 0: ð26Þ
It means that the layer mass has a source _ms ¼
 _mA þ _mBð Þ that is equal to contribution coming from A
and B: Taking the Reynolds and Slattery transport
theorems (10–15) we can obtain from (21) that:Fig. 1 Outline of the Navier–Stokes slip boundary layer
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ZA
otqA þ div qAvAð Þ½ dv þ
Z
B












otqs þ divs qsvsk






_ml þ qs wk  vsk
  	  ndl ¼ 0: ð27Þ
These are precise equations of mass balance in the system
under consideration. Locally, these read to be:
otqþ div qvð Þ ¼ 0 for A [ B; ð28Þ
otqs þ divs qsvsk
  wnqsIb ¼ _mA þ _mB on M: ð29Þ
Additionally, from the balances on surfaces Sþ; S and
open part of boundary line L we obtain accompanying
definitions of mass fluxes:
_mA ¼ qA w vAð Þ  nþ on Sþ; ð30Þ
_mB ¼ qB w vBð Þ  n on S; ð31Þ
_ms ¼ qs wk  vsk
   nl on L: ð32Þ
4 Balance of momentum of the Navier–Stokes layer
Great novelty of the Navier–Stokes layer is an idea of
common treatment of the external friction phenomena as a
true Newtonian ‘‘vis impressa’’, which first time in contin-
uum mechanics can legally take part in the balance of
momentum. Therefore, postulated by Navier, the friction
force fSA (on the surface S
þ) and fSB (on the surface S)
explicitly appear in the balance of system forces. It is a
crucial point of our reasoning. Both fSA and fSB depend on
material properties of fluidsA;B and on apparent, operative
properties of the layer MþM: Let the system contains
two continua A;B and the pillbox of the Navier–Stokes
layer bounded by material line L: Then, the condition of a






















pnA þ _rAð Þds þ
Z
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pSþ þ pS þ _rsð Þds þ
Z
l




pnldl ¼ 0: ð33Þ
Here, _rA; _rB, and _rs are the momentum carried with the
mass flux _mA; _mB; _ms, respectively. Next, the traction forces
on the contact surfaces are defined to be pnA ¼ pAnþ and
pnB ¼ pBn what means that these depend on the stresses
pA and pB in the bulk continua. Additionally,pSþ and pS
are two contact forces which act on the layer side Sþ and
S; respectively. On the boundary of the Fried–Gurtin
pillbox there is the surface traction pnl ¼ psnl; where nl is a
normal vector to the surface element dhdl. If we have the
surface mass flow-out _ml through the line L then additional
momentum _rl is carried out from the system. The forces b
and bs are the conventional body forces.
Taking the physical relation that restricts momentum












_rA þ _rB þ _rsð Þds
! _rs ¼ _rA  _rB;
ð34Þ
and assuming that the contact forces are restricted by an
internal equilibrium, being some continuum realization of










pSþ þ pSð Þds ¼ 0: ð35Þ
Assuming further that, not already defined contact forces
pSþ ; pS depend on the traction forces coming from the
continua A;B and friction forces fSA and fSB; we have
within the contact surfaces, according to the law of
‘‘equality of action and reaction’’, the following relation:
pnA þ fSA ¼ pSþ




Using the above relations (34–36) and (16–18), we obtain:
Z
A








ot qsvsð Þ þ divs qsvs  vsk
  wnqsvs þ divsps

















dl ¼ 0: ð37Þ
Three last integrals describe the rate of momentum carried
by the exchange of mass between subsystems. Using
(30–32) we get:
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_rA ¼ _mAvA; _rB ¼ _mBvB; ð38Þ
_rs ¼ _msvs ¼ _mA vA  vsð Þ þ _mB vB  vsð Þ; ð39Þ
_rl ¼ _mlvs: ð40Þ
Finally, we can write the local form of the momentum
balance as:
ot qvð Þ þ div qv  v þ pð Þ ¼ qb for A [ B; ð41Þ
ot qsvsð Þ þ divs qsvs  vsk
  wnIbqsvs
þ divsps þ on psnð Þ þ pAnA þ pBnB þ fSA þ fSB½ 
¼ qsbs þ _mA vA  vsð Þ þ _mB vB  vsð Þ on M; ð42Þ
Repeating now the reasoning of d’Alembert and Euler, we




vs ¼ otvs þ gradsvsð Þvsk: ð43Þ
Using the surface identity (14), instead of divergence of the
convective flux of surface momentum, we have:
qsas ¼ ot qsvsð Þ þ divs qsvs  vsk
 
: ð44Þ
The generalized Navier–Stokes layer is described now by
the layer balance of mass (29) and the layer balance of
momentum (42). These are two additional nonlinear
differential equations for two additional fields of
unknowns: the surface mass density qs and the layer slip
velocity vs: These equations are both geometrically and
physically nonlinear, and should be solved using any
discretization method (FEM, FVM), assuming that the
surface M possesses an independent from the bulk space
discretization. Only if the geometrical velocity w ¼ 0; as in
the case when M is a fixed solid surface, discretization
mesh could be fixed in the marching time of numerical
solution. If w 6¼ 0; a moving, self deforming mesh must be
resolved together with surface mass and surface
momentum equations and the appropriate set of equations
for bulk. In the literature, there are different cases of using
the Navier–Stokes layer balances. For example, in the case
when A and B are ideal, non-viscous Euler fluids, and the
surface density is equal to zero qs ¼ 0; and the layer
momentum flux is omitted ps ¼ 0; then the surface mass
and momentum equations reduce to the generalized form of
the celebrated Rankine–Hugoniot jump conditions:
_mA ¼ _mB




where pA; pB are thermodynamic pressure in the Euler
fluids A and B; respectively. If, additionally w ¼ 0; and
there is an additional contribution to the surface diade ps ¼
cIs; then, the layer momentum balance leads to the
generalized Young–Laplace equation:









Next, if an interfacial density is omitted qs ¼ 0; then, a
difference between the external friction forces fSA and fSB
vanishes, and a one common layer friction force exists:
fAB ¼ fSA þ fSB ¼ m vA  vBð Þ; ð47Þ
where m is an external viscosity coefficient. It is an exact
form of external friction force proposed by Navier
vB ¼ 0ð Þ and Stokes vB ¼ vwallð Þ: Assuming, further, that
A continuum is an incompressible viscous fluid: pA ¼
pI  2ld; and B continuum is the rigid1, fixed solid: pB ¼
0; vB ¼ 0 we arrive to the Navier slip boundary condition:
fAB þ pAnA ¼ mvA þ pI  2ldð Þn ¼ 0 on M; ð48Þ
where vs ¼ vAjM is identified with the slip velocity.
5 Constitutive relations for surface momentum flux
Let us discuss shortly the well known in the literature
constitutive relations for the layer flux of momentum. In
general, it is responsible for recoverable and viscous
transport: ps ¼ ps cð Þ þ ps mð Þ: The first most important part
of the elastic recoverable diade p
cð Þ
s known as the capil-
larity diade is described by the surface tension c—the same
quantity which was introduced to the process of mathe-
matical modeling by Young, Laplace, and Poisson. The
second contribution comes from the recoverable stresses
called the surface bending C1; C2 and introduced by Gibbs.
Another one is a layer ‘‘normal pressure’’ -; introduced by
Stokes (1845). These altogether lead to the following
definition of the capillarity diade:
ps
cð Þ ¼ -n  n þ cIs þ CIIs; on psnð Þ ¼ -n; ð49Þ
where 2C ¼ C1 þ C2; and divsp cð Þs ¼ cIbnþ C I2b  2IIb
 
n:
Recently, a quite general form of the capillarity diade has been
proposed by Badur and Karcz (2010) as:
ps
cð Þ ¼ c0  IIsc1 þ n  Isdivs c1  IIsc2ð Þ; ð50Þ
where, for instance, the surface capillary measures can be
defined to be spherical:
c0 ¼ cIs; c1 ¼ CIIs; c2 ¼ KIIIs: ð51Þ
1 An example how to define pB for the deformable wall is given by
dell’Isola et al (2009).
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These are expressed in terms of the first, second, and third
fundamental forms, and c; C; K are a surface tension,
bending, and torque. However, if we suppose that the
surface tension c is a surface dependent quantity, for
instant, Bilicki and Badur (2003):
c ¼ r qs  qs0ð Þ; ð52Þ
where r is a constant-like tension,qs0—an equilibrium-like
surface density, then we got: divs cIsð Þ ¼ gradscð ÞIs þ
cdivsIs: From gradsc 6¼ 0, it follows that the Marangoni
ripples and other capillary effects can additionally be
described (Goodrich 1981). Assuming that the rate of
change qs is only the result of mass flow rate coming from
the fluid A we put:
_mA ¼ qAvA  nA ¼ s1 qs  qs0ð Þ; ð53Þ
where s—is the Bilicki–Kestin relaxation time (Bilicki
and Badur 2003). Next, using the surface mass balance
(29): divs qsvsð Þ ¼ s1 qs  qs0ð Þ; we can find the
tangential components of surface velocity vs; by using a
simplified, steady-state form of the momentum balance
(42) as:
lIs gradvA þ gradTvA
 
nþ divs cIsð Þ þ m vA  vsð Þ
¼ _mAvA; ð54Þ
which in special cases can be expressed analytically.
The viscous properties of the Navier–Stokes layer
depend on the co-called ‘‘apparent viscosity’’ which, in
general, possesses a transversal anisotropy (Goodrich
1981). Using now the surface diade of the rate of defor-
mation (6) and a normal change vn;n; one can define the
viscous surface stresses as:
p mð Þs ¼ k0 trdsð ÞIs þ k00vn;nn  n þ 2l0IsdsIs
þ 2l00 ds  IsdsIsð Þ: ð55Þ
This diade does not undergo the classical 3D de Saint–
Venant condition, saying that the viscous stresses must be
traceless. In a special case when k00 ¼ l00 ¼ 0 this
constitutive relation was proposed by Boussinesq and
also by Scriven (1960):
p mð Þs ¼ k0  l0ð Þ trdsð ÞIs þ 2l0IsdsIs: ð56Þ
The formula for (internal) surface viscosity coefficients
k0; l0 needs extended investigations by any case, these
coefficients have nothing common with the internal vis-
cosity l of fluid A: Note also that another contributions to
diade ps; that come from additional surface fields, like the
chemical potential, phase transition parameter, turbulent
intermittency parameter, surface entropy and temperature,
and surface electric potential, etc., are also possible, but
this issue needs more elaboration.
6 Comparison of the Navier, Stokes, Reynolds,
and Maxwell slip layers
Having the balance of slip layer momentum (42), one can
easily obtain the particular cases linked to developing steps
in the formation of the Navier–Stokes full set of equations.
Let us note, that in the case of thin material layer, the
surface density is usually omitted qs ¼ 0; then the inertia
and body forces are equal to zero. If, additionally, the mass
migration to the layer is negligible, then the balance of
momentum rate turns into sum of the surface forces:
divsps þ on psnð Þ þ pAnA þ pBnB þ fAB½  ¼ 0 on M:
ð57Þ
Looking at this equation from the point of view of a his-
torical development we can easily identify its particular
elements in the works of pioneers and veterans of fluid
mechanics.
6.1 Navier slip boundary condition
Firstly, omitting the surface stress ps ¼ 0; and taking the
body B as a fixed, rigid body pB ¼ 0; and the body A as an
incompressible fluid: pA ¼ pI 2ld; we can formulate
analytically the first in history of mechanics the slip
boundary condition, originally given by Navier. Let us
recall that Navier proposed the following external friction
force fAB ¼ m vA  vwallð Þ ¼ mvA: In this case, vA ¼ vs onM
is called the velocity slip. From his own variational for-
mulation of Molecular Dynamics Navier was able to get the
following set of governing equations (Navier 1827, p. 415):
fbody þ div pIð Þ ¼ qa  div 2ldð Þ in A ð58Þ
and boundary conditions, nowadays called ‘‘the slip
boundary conditions’’ (Navier 1827, p. 415):
mv ¼ 2ldn on M: ð59Þ
Taking into account that the wall is impenetrable by fluid
i.e.v  n ¼ 0; Navier simplifies the above set of equations to
the following form:
mv ¼ l gradvð Þn: ð60Þ
Two independent viscosity coefficients appear in this cel-
ebrated equation. The first one is an internal viscosity l and
the second one is an external viscosity m (e and E in original
Navier notation). Therefore, finishing his own derivations
of equations of motion of viscous fluid, Navier adds
comments on a dependency of the coefficient m on a type of
wall material (cooper, glass). Next, trying to compare the
model of internally and externally viscous flow with Gir-
ard’s experiments, Navier has prepared three analytical
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solutions for different flows in pipes and open channels. In
his solutions both viscous coefficients l and m take a part—
and, what is important, for future definition of a length of
slip ls; a ratio ls ¼½ l=m frequently appears. Navier has
proposed also the first closure for the slip length for
water and glass as equal ls ¼ l= 0:0023qð Þ; where l; q
are internal viscosity, and internal density of water
respectively.
6.2 Stokes slip boundary condition
In 1845, Stokes extends Navier’s model of a viscous fluid
in the bulk and in the boundary layer. He proposes the
following constitutive equation for the momentum flux:






where two coefficients of internal viscosity appear: shear l;
and bulk j: The dilatational change of volume is described
by 3d ¼ Id ¼ tr dð Þ: Supposing the bulk viscosity j ¼ 0;
and that the internal friction coefficient l is homogeneous,
i.e. constant in space, he gets from the momentum balance
q _v  bð Þ þ divp ¼ 0:
q _v  bð Þ þ gradp  l lapv þ div gradTv  	
þ 2
3
lgradId ¼ 0; ð62Þ
or within the Cartesian coordinates (Stokes 1845):
q _v  bð Þ þ gradp  llapv  l
3
gradId ¼ 0: ð63Þ
In the literature, the equations in the form (63) are usually
called the ‘‘Navier–Stokes equations’’. These equations are
geometrically nonlinear with respect to the definition of the
acceleration vector, and physically nonlinear with respect
to the relation between pressure, density, temperature, and
entropy— however, this relation has not been mentioned
by Stokes explicitly. With respect to the internal friction l;
these equations are linear—this is an exact prolongation of
the Newtonian one-dimensional case into a three-
dimensional one. A simple type of nonlinearity with
respect to the internal friction was postulated by Stokes,
who assumed that the coefficient of viscosity, in general,
should be a function of the rate of deformation d: On the
boundary slip layer, Stokes supposes a more general
equation than the Navier one. He additionally takes into
account a ‘‘normal pressure’’ - within the slip layer, and
the tangential pressure of the layer in the form of surface
tension cIs: He also assumes a priori known field of slip
velocity vB ¼ vwall: Then, his balance of layer forces can
be written as a simple sum of the external forces:
divsps þ fAB þ pAnA þ pBnB  -n ¼ 0: ð64Þ
In practice, because surface Mþ and M are nearly par-
allel, we have to use only one normal vector n ¼ nþ ¼ n:
Then, the forces can be defined as:
– traction from fluid A:
pAnA ¼ pI  2l d dIð Þ  3jdI½ n; ð65Þ
– surface tension force:
divsps ¼ divs cIsð Þ ¼ ctr IIsð Þn; ð66Þ
– external friction force:
fAB ¼ m vA  vwallð Þ; ð67Þ
– normal pressure of layer:
on psnð Þ ¼ -n; ð68Þ
what leads to the following Stokes slip boundary
condition (1845, Sect. I, Eq. 18):
- p  ctrIIsð Þnþ m vA  vwallð Þ þ 2ldn
 2ldnþ 3jdn ¼ 0: ð69Þ
It turns out that the friction force fAB is known only after
solution of the problem, whereas in the case of a free
surface this force is known as a given data. There remain to
consider the case of two fluids having a common surface
given by M¼ 0: Fluid velocities are vA 
 v (side Mþ)
and vB 
 v0 (side M). In such a case it is important to put
the condition of impermeability, saying that the normal
velocities should be the same:
v  nþ v0  n0 ¼ 0 or
l u  u0ð Þ þ m v  v0ð Þ þ n w w0ð Þ ¼ 0: ð70Þ
Let the interface layer MþM between both fluids
possesses a Navier-like friction force, due to postulated
by Rybczyn´ski (1911) an external viscosity, say mAB; which
in general, differs from the external viscosity between a
fluid and a surface. Then, in analogy to the previous
consideration, we have a following set of governing
equations (Stokes 1845, Sect. I, Eq. 17):
fAB þ pAnA þ pBnB ¼ 0; ð71Þ
where an external friction force within the layer is:
fAB ¼ mAB vA  vBð Þ; ð72Þ
and two external traction forces on the surfaces bounding
the layer
pAnA 
 pn ¼ pI  2l d dIð Þ  3jdI½ n; ð73Þ
pBnB 
 p0n0 ¼ p0I  2l0 d0  d0Ið Þ  3j0d0I½ n0: ð74Þ
Suppose mAB ! 0; as appears most probable, the problem
significantly simplifies. Nevertheless, we are not sure under
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which circumstances the external viscosity between two
different fluids can be measured, and when its appearance
is essentially important.
6.3 Reynolds slip boundary condition
In 1879, standing on the ground of Kinetic Theory argu-
ments, Reynolds has proposed the following set of
momentum balance within the rarified gas:
– the pressure tensor in the bulk:
pA ¼ pI  2ldþ
2
3
lIdI þ 2bd 2ð Þ; ð75Þ
– momentum balance in the bulk:
qa þ blapa þ gradp  llapv  1
3
lgradId ¼ qb; ð76Þ
– momentum balance at the boundary layer:
-n þ fAB þ pAnA ¼ 0: ð77Þ
The coefficient b ¼ r=p is inversely proportional to
pressure. Here, Reynolds proposes a new definition of the
Cauchy momentum flux, where an acceleration of
deformation diade, say d 2ð Þ; defined as a symmetric
tensor, appears:
d 2ð Þ ¼ 1
2
grada þ gradTa  6¼ _d; ð78Þ
with acceleration defined to be: a ¼ otv þ gradvð Þv:
Let us now return, to the definition of external friction
force fAB; given by Reynolds (1879). Here, the first time in
the literature, a contribution from transpiration phenomena
has appeared. But independently from the thermal tran-
spiration discovery, a great Reynolds’ scientific goal was a
unification of three phenomena: the Graham pressure
transpiration, the Graham concentration transpiration, and
just discovered by Reynolds, the thermal transpiration into
a one generalized model of transpiration phenomena. In
order to show how Reynolds do this, let, according to
Reynolds’ denotations,-; h; N means the normal pressure,
temperature, and mole concentration of a gaseous compo-
nent (for instance N1 ¼ q1=M1), respectively. These
parameters are defined in the slip layer. We can obtain a
unified model of pressure, temperature, and concentration
transpirations in the boundary layer, by adding the partic-
ular contributions described by equations (see Reynolds
1879, Eqs. 110, 112, and 117):
fAB ¼ m v  vwall  cv-grads- cvhgradsh cvNgradsNð Þ:
ð79Þ
Here, one can see, three serious differences with celebrated
Maxwell’s boundary condition (85). The first one, is an
explicit appearance of the pressure gradient grads-;
realizing the Graham pressure transpiration phenomena,
called sometimes the pressure driven motion. The pressure
mobility coefficient cv- is different for different gases for the
same material of capillary tube. For instance, it was found by
Graham (1846, 1849) that the ratio of cv- for air and
hydrogen is 2.04. The second difference concerns more
correct definition of the thermal mobility coefficient cvh than
Maxwell has made. For description of the thermal mobility
Reynolds has introduced not one, but four accommodation
coefficients f1; f2; f3; f4: Two first depend, separately, on the
properties of solid surface material and a kind of gas. The
next two describe a more complete than Maxwell’s, process
of interaction of a gas with a boundary. The third difference
is related to the Graham diffusional transpiration described
by the concentration mobility coefficient cvN : These three
differences allow us to say that there is a substantial base for
distinction between both models of boundary layer.
Following Stokes boundary layer equation: -n þ fAB þ
pAnA ¼ 0; such a model can be presented shortly to be:
m v  vwall  cv-grads- cvhgradsh cvNgradsNð Þ
þ p  -ð Þn 2ldnþ 2bd 2ð Þn ¼ 0: ð80Þ
6.4 Maxwell slip boundary condition
Also in 1879, Maxwell standing on the ground of the
nonequilibrium version of his Kinetic Theory of gases has
proposed the following set of equations:
– the pressure tensor:





gradg þ gradTg 
þ b2 divgð ÞI; ð81Þ
– momentum balance in the bulk:
q _v þ gradp  llapv  1
3
lgradId
þ b1 þ b2ð Þgrad laphð Þ ¼ qb: ð82Þ
Here, according to the nonequilibrium kinetic treatment,
Maxwell was able to estimate the value of the thermal










Let us note, that the pressure tensor contains only a linear
contribution from the gradient of temperature gradg ¼
gradTg ¼ h;ij ei  ej: But exploring Natanson’s fully
nonlinear version of the Kinetic Theory, one can find
also the second order contribution (Badur and Sun 1995):





gradg þ gradTg 
þ b2 divgð ÞI þ b3g  g: ð84Þ
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It should be noted, however, that boundary condition,
where the coefficient b3 and the first gradient of tempera-
ture g appear, is fundamentally quite different from origi-
nal Maxwell’s one, since g appears within the friction force
fAB what physically means different phenomena. It is also a
historical truth that the presence of g in the boundary layer
was firstly postulated by Reynolds, and next proven by
Maxwell.
Turning to the Maxwell slip boundary layer in an ori-
ginal formulation, let us suppose that the surface is a plane
y, z and the gas flows in that side of a plane for which x is
positive. Let v be a main surface component of velocity in
the main direction y, then the slip-velocity formula is given
by the following expression (Maxwell 1879, Appendix
Eq. 68):
















where G is the Helmholtz–Piotrowski slip length,l—
internal viscosity coefficient,q—gas density, h—absolute
temperature. To finish the process of reconstruction of
Maxwell slip boundary condition (85), let us write the
boundary force condition in terms of the Navier–Stokes
layer in a general form:
fAB þ pAnA þ pBnB ¼ 0; ð86Þ
where
– the fluid boundary force:
pAnA ¼






 gradg þ gradTg þ b2 divgð ÞIn;
ð87Þ
– the rigid body surface boundary:
pBnB ¼ 0; ð88Þ
– the surface friction force:
fAB ¼ m v  vwall  cvhgradshð Þ: ð89Þ
According to Maxwells formula (85), the thermomobility
coefficient cvh should be stated as a coefficient that is not






Next, using the definition ls ¼ G ¼ l=m; and after
dividing the balance (86) by the external viscosity m we
obtain a generalization of the Maxwell slip boundary layer
as:










gradg þ gradTg n þ b2
m
divgð Þn: ð91Þ
In an analogy, the ratios lsb1 ¼ b1=m and lsb2 ¼ b2=m can be
called the thermal transpiration slip coefficients. We can
conclude then, that despite ls ¼ l=m is a main characteristic
of the external viscosity, it cannot be simply treated as only
one characteristic of the Navier–Stokes layer. In particular
case, when the rigid cold particle is immersed into a gas at
rest (v 
 0), and assuming the linearity of the temperature
distribution (gradg ¼ 0), we obtain the thermal velocity of
a particle:
U ¼ vwall ¼ cvhgradsh: ð92Þ
The velocity U is nowadays called the thermophoretic
velocity (Brenner 2005). It characterizes the motion of
nanoparticles that follows from the surface gradient of
temperature. It is important to note, that using apparatus of
the Kinetic Theory, Maxwell was able to find an explicit
formula for the length of slip (Maxwell 1879, Appendix
Eq. 67):
ls ¼ lm ¼
1
2














where l means the Meyer relation for the mean-free path of
a gas molecule and f being the fraction absorbed. When
f ¼ 1=2; or the surface acts as if it were half perfectly
reflecting and half perfectly absorbing, then we got ls ¼ 2l:
If it were wholly absorbent, then ls ¼ 2=3l: In practice, the
slip length depends on a kind of surface material and gas—
for instance, from Knudt and Warburg experimental data it
follows that for air on a glass surface in 17C is ls ¼ 8=p;
and for hydrogen is ls ¼ 15=p; where the pressure is given
in dynes per square centimeter. In the modern literature, the
coefficient of a partial absorption f is usually called ‘‘tan-
gential momentum accommodation coefficient’’ (TMAC).
This coefficient is not dependent on heat flow, and it
accounts for the average tangential to a surface momentum
exchange between the fluid molecules and the solid mol-
ecules. Its value should be evaluated experimentally, but it
is known that it varies from zero (for specular reflection) up
to unity (for complete or diffuse accommodation) (Gad-
El-Hak 2001; Priezjev 2007).
7 Conclusions
In this article, the flow enhancement phenomena in micro-
and nano-channels are classified within unified model,
which bases on the extended Navier–Stokes boundary
layer equations and includes different surface mobility
mechanisms.
The Navier’s boundary friction concept, which leads to
the slip velocity condition, is usually considered in litera-
ture without any linkage to other surface phenomena
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(Thompson and Trojan 1997; Zhu and Granick 2001; Pri-
ezjev 2007). There are some generalizations of the Navier–
Stokes slip boundary in literature (Karniadakis et al. 2005;
Lauga and Stone 2003). These strictly follow the Maxwell
line of reasoning, and introduce higher derivatives and
nonlinearities. Unfortunately, these second order slip
models are quite inconsistent with the bulk model, where
only the first velocity gradient appears, therefore, they
cannot be solved within the framework of continuum
model.
In the present article, a new generalization of the
Navier–Stokes boundary slip layer is proposed. The
advantage of the current work is a comprehensive treat-
ment of different phenomena on the basis of a single
model. The original Navier–Stokes model is supplemented
by additional surface quantities as the surface mass and the
surface momentum flux. The slip velocity vs can be
determined from the solution of the momentum balance
(42) within a thin shell-like domain. It should be under-
lined that the stress tensors pA and pB are determined in the
bulk and cannot be arbitrarily changed at the walls. The
present approach provides separation of constitutive rela-
tions imposed for fulfillment of the surface momentum
balance independently for bulk and wall. The modeling of
the surface momentum diade ps; and the surface friction
force fAB; is still an open question. It is a most important
fact that follows from a generalized model of the Navier–
Stokes slip layer.
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